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As a sequel to our earlier work, we present a general analysis, in terms of density operators, of the EPR-type gedanken situation 
(in the presence of CP noninvariance) involving basis states which are mutually non-orthogonal but partially distinguishable. We 


also comment on the published criticisms of our earlier work. 


In an earlier paper [1] we had pointed out a cu- 
rious gedanken example of the Einstein-Podolsky— 
Rosen (EPR) paradox using CP nonconservation. 
The example involves a pair of correlated neutral 
pseudo-scalar mesons (M°-M?) originating from the 
decay of a J’°=1-~- vector meson. The exponen- 
tially decaying states with definite masses and life- 
times are denoted by |M.> and |Ms)> (which are 
certain linear combinations of |M°> and |M°> ) and 
they are used to describe the quantum mechanical 
time-evolution of the system. In the presence of CP 
noninvariance, |M,)> and |Ms) are non-orthogonal. 
This non-orthogonality of the physically relevant 
states (unique characteristic of the quantum me- 
chanical treatment of CP nonconservation) was ex- 
plored in ref. [1]. There it was indicated that in an 
EPR-type situation involving these states which are 
partially distinguishable (through certain physical 
attributes), the quantum mechanical treatment, in 


' Permanent address: Department of Physics, Jadavpur Univer- 
sity, Calcutta 700 032, India. 


principle, implies the possibility of a non-local effect 
manifesting at the statistical level. This result was 
obtained by considering a certain transition of the 
pure state into a mixed state composed of non-or- 
thogonal components. The collapse to such a mixed 
state was first assumed to be “total” and then the er- 
ror involved (due to overlap between the probability 
distributions of the invariant masses of the decay 
products corresponding to the non-orthogonal states ) 
was estimated. It was argued that the error could be, 
in principle, made small compared to the measure of 
the non-local effect. 

In a subsequent note, Squires and Siegwart [2] 
have questioned the result of ref. [1]. However, it is 
important to note that they consider an inherently 
different scenario where the collapse of the wave 
function (eq. (9) of their paper) takes place to a 
mixed state with mutually orthogonal components 
(eq. (10) of their paper). This amounts to identi- 
fying and distinguishing the mutually orthogonal in- 
dividual decay-product components (in the context 
of the example dealt with in ref. [1]). The issue of 
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partial distinction between the non-orthogonal states 
of the total decay products (the crucial element in 
our treatment) is not addressed to by Squires and 
Siegwart and what they have considered is essen- 
tially the standard case where it is already well known 
that no non-local effect exists at the statistical level. 
The argument by Finkelstein and Stapp [3] is in ef- 
fect similar to that of ref. [2]. It was also claimed by 
the authors of refs. [2] and [3] that the error anal- 
ysis in ref. [1], referred to earlier, was ambiguous. 
They suggested a change in the parameter used in ref, 
[1] as a measure of the error, which swamped the 
non-local effect. Absence of a rigorous scheme for 
estimating the error, therefore, makes the issue 
unclear. 

In this paper we show that the result of ref. [1] 
can be corroborated by a mode of analysis different 
from that adopted in our earlier paper. Here we avoid 
the “ambiguity” mentioned above and directly in- 
corporate the notion of what we call the “partial col- 
lapse” (or “partial information”) type measurement 
which implies transition such that the coherence of 
the original pure state is only partially destroyed. 

Taking the cue from ref. [1], the two-particle wave 
function at the time of production (f=0) of the pair 
is given by 


| ¥(t=0)>=(|MsMi>—|MLMs>)/N, (1) 


where N is a normalization factor and the first (sec- 
ond) member of each pair refers to the left (right) 
hemisphere. Note that we shall follow closely the no- 
tation of ref. [1]. 

Following the discussion given in ref. [1], the sub- 
sequent time evolved wave function can be written 
in the form 


| ¥(0)> =C, [Miés> +C21MsOr.>+C3{x> , (2) 


where C\, C2, C3 are time-dependent constants, and 
lIX>~ | MsMi>—~—|MiMs> represents the unde- 
cayed piece with <y/y>=1. [@L> (|@s>) corre- 
sponds to the decay products on the right from |M,) 
(|Ms)>). It may be noted that in (2) we have not 
considered those components of the wave function 
which contain decay products on the left as they are 
irrelevant for our subsequent discussion which is fo- 
cused on the flux of {M°> on the left. 

It is clear from eq. (2) that the above flux involves 
a contribution due to the overlap between the decay 
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product states |¢,>, |¢s> (common decay products 
from M, and Ms) on the right, which is non-van- 
ishing in the presence of CP violation [1]. The very 
fact that the statistical property of the particles on 
one side has some formal dependence pertaining to 
the interference between the physical states of the 
particles on the other side is the key feature of this 
example. Whether this interference can be physically 
tampered by suitably selecting the particles on the 
right is the point at issue. It needs to be noted that 
these decay product states have physical attributes 
(e.g. invariant masses, lifetimes of their parent par- 
ticles, etc.) associated with them. In the absence of 
CP violation, the states [|¢,>, |¢s> are orthogonal 
and they can be distinguished unambiguously ac- 
cording to the ideas of the standard quantum mea- 
surement theory. However, if in the presence of a 
small but non-vanishing CP violating interaction, one 
can partially discriminate between the states |¢,> 
and |@;) by exploiting the differences in their phys- 
ical attributes, there arises a possibility, in principle, 
to affect the coherence of the wave function given by 
eq. (2). 

Such a scheme envisages non-orthodox measure- 
ments partially destroying the coherence of the orig- 
inal pure state and leading to mixtures of non- 
orthogonal states. It should be emphasised that the 
concept of such measurements (“partial collapse”) 
is not prima facie inadmissible and can be dealt with, 
at least in principle, by suitable generalisation of the 
standard quantum theory of measurement, as has 
been shown by various authors [4]. In this context 
it may be noted that recently Ivanovié [5] has an- 
alysed the viability of possible non-standard schemes 
to differentiate between non-orthogonal states. There 
are various examples of realistic measurements [4] 
such as approximate measurements and/or mea- 
surements with imperfect apparatus which cannot be 
described by the standard quantum measurement 
theory based on orthogonal projections only. This 
aspect has recently been discussed by Ghirardi et al. 
[6] in the light of ref. [1] *!. . 

Now to formalise this discussion we present a den- 
sity matrix treatment of our gedanken example in 
terms of a specific ansatz for “partial collapse”. In 
this treatment we explicitly take probability conser- 
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vation into account, circumventing thereby the ob- 
jection raised by Lindblad [8] regarding our earlier 
work. Here we are interested in the total number of 
M° (~]M_>—|Ms)) on the left in two cases: (A) 
For no measurement performed on the right; (B) 
After ‘tpartial collapse” type measurement pertain- 
ing to {@.> and {@s) on the right. 

Let us first consider the case (A). The density op- 
erator pf, corresponding to |¥(t)> is given by 


Pin=!Ci17|Mids >< Mids! 
+1C2171Ms@r > <Ms¢u | +1031? 1x> <x! 
+CTCy|Ms@r > <Mios | + CTC 1X) (Mis | 
+C3C, Mids > (Ms ox | +0203 1X) <Ms@L | 
+C3CiIMids > <x) + CIC2IMso. ><x1- (3) 


The reduced density operator pf for the undecayed 
system on the left is obtained by taking the trace of 
ptr over a complete set of orthonormal states of the 
system on the right. Then using < ¢s|¢.> =<. ¢s>* 
=a(t) (say), <¢s|Mis>=<@_IMis>=0 and 
«dsl O.s> =l—exp(—7ist) =Fis(t), we get 


pt=1C%/71ML>Mi1+/C21?1/Ms > <Ms| 
+C7Cz0|Ms > (Mi 1 +CiC,a*|Mz > <Ms | 
+1C3|?pr(x) 5 (4) 
where 


p= 2 CRIM <XERD 


with the kets |R;> forming a complete orthonormal 
basis for the system on the right and 
}Ci.2(7=|C\2|7Fs..(t). Note that ¢x|x)> =1 implies 


py CLilpaLQ)tLid=at, 
where the kets |L;> form a complete orthonormal 


*' In this connection, it is interesting to note that the well-known 
example of production of particle tracks in a cloud chamber is 
interpretable as non-orthodox measurement wehere a plane 
wave collapses into gaussian wave packcts (sec ref. [7] ). An- 
other simple example of non-orthodox measurement is pro- 
vided by the Stern-Gerlach experiment for spin-|/2 atoms in 
which the magnetic field is assumed to be very weak and the 
counters are placed so close together that each of the two sep- 
arated beanis has a finite probability of being registered in both 
the counters. 
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basis for the system on the left. 

Turning now to the case (B), we consider “mea- 
surements” on the right pertaining to physical attri- 
butes of the non-orthogonal states |¢,> and |@s> 
resulting in “partial collapse” to a mixed state com- 
posed of |w,>, |W2>, [Ws>, |Wa> with the respective 
probabilities p,, Po, Ds, Ds (=|C3|7) where 
1Wi> =Ci|Mids> +CrIMs@.>, l¥2>=|IMids>, 
lws>=|Ms@_>, and |ws>=|x>. Note that in the 
limit of no non-orthogonality (i.e. ~w=0) there is 
“total collapse” in which case p,=0, pp=|C,|’, and 
Dy=}C)/*. 

After the “partial collapse” type measurement, the 
density operator pf, is given by 


Pte =DilWMi><Wil + P21W2> <W21 +23 1¥3>< Ys 
+I CrP OSU 5 (5) 


whence the reduced density operator pP correspond- 
ing to the undecayed system on the left is obtained 
to be 


pt=(ai1Ci1?+73)IMi> <M | 
+(p,|C2|?+75)|Ms > <Ms| 
+p, CP Cra|Ms > <Me]| +p. C3C,a*|Mzi> < Ms 
+1C3|7p2(x) (6) 


where 75.3 =P2,3/'s.(t). If one invokes probability 
conservation in the “partial collapse” measurement 
then Tr(pi,) =Tr(pPe), whence we get 


pit+p5=(1-p UIC? +1Cr 7? 
+CTCLAB+ C7C a*B) , (7) 


where we have used <M_|M,_> =<Ms|Ms>=1, and 
<M_IMs) = (Ms|M_> =f. Note that a and f are 
related and they both vanish in the limit of CP 
conservation. 

Now using (7), we obtain from (4) and (6) 


pl—ph=[(a-1)iCi |? +22) 
* ([ML><M1—1Ms > <Ms |) 
—2B(p,—1) Re(CTC,a)|Ms > ¢Ms| 
+ (p, -1)(CTC,a|Ms > <M 
+C3C\a*|Mi><Ms|). (8) 


It is transparent from (8) that p2 #p¢ which isa sig- 
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nature of non-locality at the statistical level, i.e. the 
statistical properties of the undecayed system on the 
left would change due to the “partial collapse” type 
measurement on the right. In the limit of no non-or- 
thogonality (no CP violation), a=f=0 and p,=0, 
P2=|C,|?, whence pP =pt. = 

Now, to be more specific, we compute AM?®, the 
difference in the number of M° observed on the left 
for (A) and (B). Using the relevant formulae given 
in ref. [1] we obtain from eq. (8) 


AM? = (M°| (p2 —p§) 1M) 
=(1—f?)(1—p,) Re(CiC,«) 
=}(p, —1) Be" (cos Amt—e7-") . (9) 


In the second line we have substituted the actual 
expressions for C,, C, and @ from ref. {1]. Notice 
that for CP invariance, 8=0 and hence AM°=0, The 
non-local effect, therefore, crucially hinges on the 
non-orthogonality between the states |M,> and 
| Ms>. This is the crux of the essential result also ob- 
tained in ref. [1]. A comment on the probabilities 
p; (t= 1, 2, 3, 4) is in order. These probabilities can 
be calculated unambiguously in the limit of CP con- 
servation. In the presence of CP violation their pre- 
cise values are, however, not calculable due to non- 
orthogonality of the basis states and we treat them 
as phenomenological parameters. It is, however, in- 
teresting to note that the non-locality at the statis- 
tical level (eq. (9) ) does not depend on these details 
and is non-vanishing unless p;=1, a value which is 
ruled out for obvious reasons (see eq. (7)). 

The genesis of this intriguing non-locality at the 
statistical level lies in the possibility of partially dis- 
tinguishing the non-orthogonal states |¢.); |@s) 
through their physical attributes. Of course, if one 
chooses to confine one’s attention only to orthodox 
quantum measurements involving, for example, the 
invariant masses of the individual decay product 
components of |¢_> and |¢5> which are mutually 
orthogonal, then the non-locality at the statistical 
level will not be manifested as shown in refs. [2,3]; 
what we envisage here is a generalised measurement 
in the sense discussed in ref. [4]. It should involve 
non-standard measurements in contrast to ideal 
measurements entailing orthogonal projections. A 
concrete operational scheme for realising such mea- 
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surements in the context of the example discussed in 
this paper needs further examination. For instance, 
it may be probed whether it is possible to exploit the 
difference in the life-times of the states |M,) and 
|Ms> to select out partially the decay products cor- 
responding to, say, the |@_) state, tinkering thereby, 
the interference between |¢,) and |¢s5>. This would 
correspond to a non-orthodox ‘‘measurement” in- 
volving selection of decay products with their time 
of origin restricted within a specific interval. 

Recently Hall [9] and Ghirardi et al. [6] have ar- 
gued on the basis of the operation-effect formalism 
(using the first representation theorem [10]) that 
even for non-orthodox measurements, the reduced 
density operator for one particle remains unaffected 
if the measurement is restricted to its partner. They 
then conclude that the type of collapse envisaged in 
our example necessarily corresponds to a ‘“‘measure- 
ment” which affects both the particles simultane- 
ously. However, applicability of this abstract 
argument based on the first representation theorem 
for all types of non-orthodox measurements needs to 
be carefully examined before drawing any firm con- 
clusion, Namiki has pointed out to one of us (pri- 
vate discussion) that the many-Hilbert-spaces 
formulation of the quantum measurement theory 
[11] appears to provide a suitable framework to deal 
with “partial collapse’’ type measurements. This 
scheme may be studied to analyse the example dis- 
cussed here. 

The curious result discussed in this paper and ref. 
[1] gives rise to the following questions: 

(a) Is the peculiarity of this example essentially 
due to the incompleteness of the conventional quan- 
tum mechanical formalism (with its inherent ap- 
proximations ) used to describe the decaying systems 
in the presence of CP noninvariance? 

(b) Does this example indicate that the notion of 
non-orthodox measurement, by itself, can lead to a 
new feature of the EPR paradox? 


One of us (DH) wishes to thank J. Corbett and S. 
Sengupta for helpful remarks. DH also gratefully ac- 
knowledges valuable discussions with the partici- 
pants at the International Conference to 
commemorate Schrédinger’s birth centenary held at 
Delphi, Greece. AD thanks the Alexander-von- 
Humboldt-Stiftung, Bonn, for financial support. The 
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Note added. The specific model for “partial col- 
lapse” (partial loss of coherence of the original pure 
state involving non-orthogonal components) used in 
this paper envisages transition from the pure state 
given by eq. (2) into a mixed state composed of 
lwi>, [y2>, lWs>, | ¥a> (eq. (5)), presuming the 
possibility that at least for some of the events, the 
states |@_> and |¢;> can be distinguished so that for 
the selected sub-ensembles designated by the states 
[w3> and |y.> the projection operators correspond- 
ing to the states |¢,> and |¢5)> have definite valucs 
(=+1). For simplicity, we have taken the coeffi- 
cients C,, C, in |y,> to be the same as those in eq. 
(2) but this is not essential for the non-local effect 
obtained in our treatment. 

After submission of the manuscript, our attention 
has been drawn to the paper by Clifton and Redhead 
[12] related to ref. [1], which like refs. [2] and [3] 
emphasizes trhat within the framework of the stan- 
dard theory of measurements in quantum mechanics 
there is no scope for non-local effect of the type dis- 
cussed in our paper. What we contend is that since 
the quantum mechanical treatment of CP non-in- 
variance provides an example of physically relevant 
non-orthogonal states for which one may consider 
applying the notion of “partial distinction” (exploit- 
ing the differences in their physical attributes), it 
raises the issue of “non-orthodox” measurements in 
the context of the EPR example — an arena hitherto 
left unexplored and which lies beyond the ambit of 
the standard theory of quantum measurements. 
“Partial distinction” between non-orthogonal states, 
in a sense, involves “unsharp” or “imprecise” si- 
multaneous measurement of noncommuting observ- 
ables, a concept whose tenability has been analysed 
by various authors like those mentioned in refs. [4,5 } 
and also by Wootters and Zurek [13], Busch [14], 
Mittelstaedt et al. [15] and Greenberger and Yasin 
[16]. One may also note here the recent papers by 
Dieks [17] and Corbett [18] which study in depth 
the particular question of “partial discrimination” 
between non-orthogonal states. Possible limitations 
of the operation-effect formalism (discussed in refs. 
[6,9, 10] )in order to cover all possible models of non- 
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orthodox measurements pertaining to non-orthogo- 
nal states have been critically examined by Srinivas 
and Home [19]. 

In the light of all these studies it is hoped that the 
model for “partial collapse” used in this paper can 
be further refined and made more concrete with ref- 
erence to specific measuremental procedures. This 
would help to clarify the issue whether the peculi- 
arity of the example discussed in our paper is an in- 
dicative of a genuine non-local effect predicted by 
quantum mechanics at the statistical level. 
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